Abstract. In this paper, we generalize a few results of [7, 10] for lower radical classes of rings, by using the limit ordinal construction for lower radical classes of hemirings.
Introduction and preliminaries

D. M. Olson and T. L. Jenksins
discussed general Radical Theory of Hemirings. The theory was further enriched by many authors (see [4, 12, 13] ). The lower radicals were investigated by (see [5, 6, 9, 10, 11] ) for radical classes of rings. Here we are interesting to generalize a several results of (see [3, 7, 10] ) in the frame work of hemiring which is quite different from ring theoretical approach discussed in (see [3, 7, 10] ).
A semiring (R, +, ·) is called a hemiring if (i) '+' is commutative, (ii) there exists an element 0 ∈ R such that 0 is the identity of (R, +) and the zero element of (R, ·), i.e., 0r = r0 = 0, ∀r ∈ R.
If I is an semi-ideals of R, then we denote I ≤ R. Lower radical classes for hemirings can be constructed similar to the construction of lower radicals for rings (see [3, 5, 6, 9, 10, 11] ).
First we include necessary preliminary, let ω be the universal class of all hemirings and M be a sub-class of ω and let M 0 be the homomorphic closure of M in ω. For each A ∈ ω, let D 1 (R) be the set of all semi-ideals of R. Inductively we define 2, 3 , . . .. By using ring theoretical approach discussed in [11] , we have
is the Lee construction for lower radical determined by M , and M ⊆ £M (see also [8, 12, 13] ).
Let ω be a universal class of (not necessarily associative) hemirings and let A ⊆ ω. R. Wiegandt has given in [11] a construction for £A, the lower radical class determined by A in ω . Using this construction, Leavitt and Hoffmann have proved in [3] that if A is a hereditary class (if K ∈ A and I ≤ K, then I ∈ A), then £A is also hereditary. In this paper lower radical construction is given. As applications, a simple proof is given of the theorem of Leavitt and Hoffmann and a result of Y. L. Lee and R. E. Propes [7] for hemirings is extended to not necessarily associative hemirings.
Let A ⊆ ω be any class of hemirings. Define R 1 (A) to be the homomorphic closure of A. Proceeding inductively, let µ be an ordinal exceeding one and suppose the classes R λ (A) have been defined for all λ < µ. If µ is not a limit ordinal, define
, where the union is taken over all ordinals λ . For undefined terms of hemirings we may refer (see [1, 2, 8] ).
Lower radicals
We extend the result of [7] by using the above limit ordinal construction of lower radical for hemiring which is indeed provides an excellent and different approach to handle the many results of [7] in the frame work of hemiring.
The following theorem was proved by F. A. Szasz [10] for rings. Here we generalize it for hemiring, which can be obtained on the line of rings theoretical approach.
Theorem 2.1. Let ω be a universal class of hemiring and let A ⊆ ω. Then A is a radical class in ω if and only if the following conditions are satisfied:
(1) A is homomorphically closed,
The following theorem is obvious.
Theorem 2.2. If λ and µ are ordinals with
Proof. R 1 (A) is homomorphically closed. Let µ > 1 be an ordinal, and suppose R λ (A) is homomorphically closed for all λ < µ. Let K ∈ R µ (A) and let I < K. If µ is a limit ordinal, there is a chain {I γ } of semi-ideals of K such that I γ ∈ R λ (A) with λ < µ and such that K = ∪I γ . But {(I + I γ )/I} is a chain of semi-ideals of K/I, and K/I is its union. Since (I + I γ )/I ∼ = I γ /(I * ∩ I γ ), where I * is a k-ideal generated by I (see [8, 13] )) each of these semi-ideals is a homomorphism of some I γ , and thus by induction hypothesis each (I + I γ )/I ∈ R λ (A) with λ < µ. This implies that K/I ∈ R µ (A). Now suppose µ−1 exists. Then K contains an semi-ideal J so that J, K/J ∈ R µ−1 (A). By the induction hypothesis, (J + I)/I ∈ R µ−1 (A) and K/(I + J) ∈ R µ−1 (A), since the former is a homomorphic image of J and latter of K/J.
, where (J + I) * is a k-ideal generated by (J + I) (see [12] ), K/I ∈ R µ (A). Thus by transfinite induction R µ (A) is homomorphically closed for ordinal µ. It follows immediately that R(A) is homomorphically closed.
We now show that R(A) satisfies Conditions 2 and 3 of Theorem 2.1.
Proof. Since K is a set, there is by Theorem 2.2 an ordinal µ with the property that I λ ∈ R µ (A) for each λ. Let δ be a limit ordinal exceeding µ, then ∪ I λ ∈ R δ (A).
Theorem 2.5. Let K ∈ ω, and suppose K contains an semi-ideal I ∈ R(A) such that K/I ∈ R(A). Then K ∈ R(A).
Proof. By Theorem 2.2, there is an ordinal µ such that I, K/I ∈ R µ (A). This implies that K ∈ R µ+1 (A).
Theorem 2.6. R(A) = £(A).
Proof. By Theorem 2.1 and Theorems 2.3, 2.4, and 2.5, R(A) is a radical class in ω . By the minimality of £(A) among radical classes in ω which contain A, it is enough to show R(A) ⊆ £(A). This is accomplished by proving R λ (A) ⊆ £(A) for every ordinal λ. Clearly R 1 (A) ⊆ £(A).
Let µ be an ordinal exceeding one, and assume R λ (A) ⊆ £(A) for all ordinals λ < µ. Let K ∈ R µ (A). If µ is a limit ordinal, K be the union of a chain of semi-ideals from the classes R λ (A), where λ < µ. Thus by induction hypothesis K is the union of £(A)-semi-ideals, so K ∈ £(A) by Theorem 2.1. If µ is not a limit ordinal, there is an semi-ideal
We now give a simple proof of the following theorem which appears in [3] . Other results of the form A has property ρ implies £A has property may, perhaps, be provable in a similar way. The following theorem was proved by A. E. Hoffman and W. G. Leavitt [3] and we generalize it in the frame work of hemirings. Here we give a proof of this theorem which is entirely different from [3] .
Theorem 2.7. Let A ⊆ ω where ω is some universal class of hemiring. Then if A is hereditary, so is £(A).
Proof. We prove that R µ (A) is hereditary for each µ ≥ 1. This is easily seen to be true if µ = 1. Thus, assume µ > 1, and suppose R λ (A) is a hereditary class for each λ < µ. Let K ∈ R µ (A), and suppose I ≤ K. If µ is a limit ordinal, K = ∪I γ where {I γ } is a chain of semi-ideals each belonging to one of the (hereditary) classes R λ (A), λ < µ. But then I = ∪(I γ ∩ I) so I ∈ R µ (A). If µ is not a limit ordinal, there is an semi-ideal J of K so that J, K/J ∈ R µ−1 (A).
where J * is a k-ideal generated by J (see [8, 13] 
)). This implies that
If ρ is a radical class of hemiring then its semisimple class is denoted by Sρ. The proof of Theorem 2.9 requires the following lemma.
Lemma 2.8. If ρ is a radical class in ω and for someḰ ∈ ω a subhemiring K ⊆Ḱ is the set theoretic union of ρ-semi-ideals ofḰ, then K ∈ ρ.
Proof. If K = ∪I λ not belong to ρ, then K/I ∈ Sρ = {T ∈ ω : T has no nonzero ρ-semi-ideals} for some I = K. By λ, we have I λ I, so
where I * is a k-ideal generated by I (see [8, 13] )) is a nonzero ρ-semi-ideal of K/I. This contradiction proves that K ∈ ρ.
The following theorem was proved by Y. L. Lee and R. E. Propes [7] and we generalize it in the frame work of hemirings. Here we give a proof of this theorem which is entirely different from [7] . 2 for each ordinal γ ≥ 1. This is clear for γ = 1. Let µ be an ordinal number greater 1 and suppose
If µ is a limit ordinal, K is the union of a chain {I γ }, γ ∈ C of semi-ideals each belonging to one of the classes R λ (A 1 ) for λ < µ. Also K is the union of a chain {J δ }, δ ∈ D of semi-ideals each belonging to one of the classes R λ (A 2 ) for λ < µ.
Since β < µ, the induction hypothesis so that K is the set-theoretic union of
. Now suppose µ − 1 exists, and let K ∈ R µ (A 1 ) ∩ R µ (A 2 ). Then there exist semi-ideals I and
where J * is a k-ideal generated by J (see [8, 13] ). Since R µ−1 (A 2 ) is hereditary, (I + J)/J, as an semi-ideal of K/J is a member of R µ−1 (A 2 ). Thus
